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Let I(n) be the number of isomorphism classes of quasigroups of order n. Despite prior
enumerations showing that I(n) is odd for 1 ≤ n ≤ 11, we find that I(12) is even. We
also give a method for finding the parity of I(n), which we use to show that I(n) is odd for
n ∈ {13, 14, 15, 16, 17, 19, 21}.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A quasigroup (Q ,⊕) of order n is a setQ of cardinality n together with a binary operation⊕, such that for all g, h ∈ Q , the
equations x⊕ g = h and g ⊕ y = h have unique solutions with x, y ∈ Q . A Latin square of order n is an n× n array L = (lij)
consisting of symbols from Q such that each symbol occurs exactly once in each row and exactly once in each column. We
also index the rows and columns of L by Q .
If (Q ,⊕) is a quasigroup and C is a total order on Q , then we call (Q ,⊕,C) an ordered quasigroup. The Cayley table of an
ordered quasigroup (Q ,⊕,C) is the matrix L = (lij) such that lij = i ⊕ j, where the rows and columns of L are indexed by
Q in the order defined by C. In fact, Lmust be a Latin square and moreover, Latin squares are precisely the Cayley tables of
ordered quasigroups on a set Q with a total order C.
For any permutation α of Q , wemay define a quasigroup (Q , ?) by α(i)?α(j) = α(i⊕ j) for all i, j ∈ Q . We say that (Q , ?)
is isomorphic to (Q ,⊕) and call the set of quasigroups isomorphic to (Q ,⊕) the isomorphism class of (Q ,⊕). Similarly, for
any Latin square L = (lij)we may define a Latin square L′ = (l′ij) by l′α(i)α(j) = α(lij), whence we call L and L′ isomorphic and
the set of Latin squares isomorphic to L the isomorphism class of L.
Let I(n) be the number of isomorphism classes of quasigroups of order n. It follows that I(n) is also the number of
isomorphism classes of Latin squares of order n. The value of I(n) is known only for n ≤ 11 and is tabulated in Fig. 1,
sourced from [6,10] (Sloane’s [12] A057991). Fig. 1 motivated the author to ask the following question at the 2nd Mile-High
Conference on Nonassociative Mathematics, University of Denver, 2009, and also in [13].
Question 1.1. Is the number of isomorphism classes of quasigroups of order n always odd?
The aim of this article is to answer Question 1.1 in the negative using Burnside’s Lemma and the partial classification of
automorphisms given in [13, Ch. 4]. Specifically, we will show that I(12) is even, and moreover, show that I(n) is odd for
n ∈ {1, 2, . . . , 11} ∪ {13, 14, 15, 16, 17, 19, 21}.
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Fig. 1. The number of isomorphism classes of quasigroups of order n.
2. Autotopisms and automorphisms
Let In = Sn × Sn × Sn where Sn is the symmetric group acting on Q . Then In acts on the set of Latin squares L = (lij) in
the following way. For each θ = (α, β, γ ) ∈ In we define θ(L) to be the Latin square formed by permuting the rows of L
according to α, permuting the columns of L according to β and permuting the symbols of L according to γ . In other words,
θ(L) = (l′ij) is the Latin square defined by
l′ij = γ (lα−1(i)β−1(j)) (1)
for all i, j ∈ Q . The mapping θ is called an isotopism. An isomorphism is any (α, α, α) ∈ In. The identity permutation will be
denoted ε. Any isotopism other than (ε, ε, ε) is non-trivial.
If θ(L) = L for some θ ∈ In, then θ is said to be an autotopism of L. Hence (1) implies that, if L = (lij) is a Latin square and
θ = (α, β, γ ) is an autotopism of L, then
γ (lij) = lα(i)β(j) (2)
for all i, j ∈ Q . If θ is an isomorphism and an autotopism of L, then θ is called an automorphism of L.
For any α ∈ Sn, letΛ(α) be the number of Latin squares L of order n for which (α, α, α) is an automorphism. For example,
Λ(ε) is the number of Latin squares of order n, which is known exactly for n ≤ 11 [11]. Burnside’s Lemma implies that
I(n) = 1
n!
∑
α∈Sn
Λ(α).
It is straightforward to show that the value of Λ(α) varies only with the cycle structure of α [3,7,13]. The number of
permutations in Sn with the same cycle structure as α is given by
n!∏
i
(
si(α)! · isi(α)
)
where si(α) is the number of i-cycles inα. LetΓ ⊆ Sn be a subset consisting of a single representative of each cycle structure.
Hence
I(n) =
∑
α∈Γ
Λ(α)∏
i
(
si(α)! · isi(α)
) . (3)
For example, when n = 6 there are 11 partitions of n. Using a backtracking algorithm, we find the data in Fig. 2. Therefore
the sum (3) becomes
I(6) = 1 128 960+ 0+ 1280+ 0+ 144+ 0+ 36+ 96+ 0+ 15+ 0 = 1 130 531. (4)
Observe that all of the summands in (4) are integral, and only one of the summands in (4) is odd. This motivates the
subsequent study of the divisors ofΛ(α).
When α has the cycle structure 3+ 3, we find thatΛ (α) = 648 disagrees with the value given in [4], which gave 1296
instead. We can be sure the value here is correct, otherwise (4) would be invalid.
3. Divisors ofΛ(α)
The classification of which α ∈ Sn have a non-zero Λ-value was studied in [3,7,8,13]. In this section, we will study the
divisors ofΛ(α).
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Fig. 2. The values ofΛ(α) for α ∈ S6 .
To begin, note that fixed points are considered to be 1-cycles and hence cycles of odd length. For any α ∈ Sn define
f (α) = ∏i(si(α)! · isi(α)). It follows that f (α) is even unless α consists entirely of odd cycles of distinct lengths. Define
C(α) = {β ∈ Sn : αβ = βα} to be the centraliser of α in Sn. So |C(α)| = f (α).
Lemma 3.1. For any α ∈ Sn, f (α) dividesΛ(α).
Proof. Let G = C(α)× {ε} × {ε}. LetD be the set of Latin squares L of order n satisfying (α, α, α)(L) = L, so |D| = Λ(α).
Then G acts onD by isotopism. It is impossible for a non-trivial θ ∈ G to be an autotopism of L ∈ D (since θ permutes only
the row indices). Hence the action ofG partitionsD into orbits of cardinality |G| = f (α) by theOrbit–Stabiliser Theorem. 
Importantly, Lemma 3.1 implies that every summand in (3) is integral. We will also use the following lemma.
Lemma 3.2. Suppose θ = (α, β, ε) ∈ In and β has a fixed point. If θ is an autotopism of a Latin square L, then θ is the trivial
isotopism.
Proof. Since β has a fixed point, β(j) = j for some j ∈ Q . Hence lij = lα(i)j for all i ∈ Q by (2) and so α = ε. Consequently
β = ε also. 
We are now ready to prove the following theorem, which shows that many of the summands in (3) are even integers.
Theorem 3.3. Suppose α ∈ Sn such that
• α does not consist entirely of odd cycles of distinct lengths and
• α does not consist of two n/2-cycles, where n/2 is odd.
Then 2f (α) dividesΛ(α).
Proof. If α is an n-cycle, then nmust be even by assumption, when Λ(α) = 0 (see [14], for example). Therefore, now also
assume that α is not an n-cycle.
Let H ≤ C(α) be a subgroup of even order that stabilises some x ∈ Q . Our assumptions are sufficient to ensure H exists.
Specifically, if α contains two c-cycles where 2c < n thenH can be a group that switches those cycles. If α contains a c-cycle
for even c < n, then H can be the group generated by that cycle.
Let G = C(α) × H × {ε}. Let D be the set of Latin squares counted by Λ(α), that is, D = {L : (α, α, α)(L) = L}. So
|D| = Λ(α). Moreover, G acts onD by isotopism.
If θ = (β, β ′, ε) ∈ G such that θ(L) = L for some L ∈ D , then θ is the trivial isotopism by Lemma 3.2, since we
have assumed that every β ′ ∈ H stabilises at least one element of Q . By the Orbit–Stabiliser Theorem, the orbit of L under
the action of G has cardinality |G| = |C(α)| · |H|. Therefore the action of G partitions D into orbits of cardinality divisible
by 2f (α). 
We can use Theorem 3.3 to further simplify (3) when working modulo 2.
Corollary 3.4. Define
Γ ∗ = {α ∈ Γ : Λ(α) > 0 and α consists of odd cycles of distinct lengths} ∪ N
where either N = {σ } where σ ∈ Γ consists of two n/2-cycles if n ≡ 2(mod 4) or N = ∅ otherwise. Then
I(n) ≡
∑
α∈Γ ∗
Λ(α)∏
i
(
si(α)! · isi(α)
) (mod 2). (5)
Proof. Theorem 3.3 implies that any summand in (3) will be an even integer except possibly when α ∈ Γ ∗. 
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So the problem of finding the parity of I(n) is reduced to finding the parity of the summands of (5). To find the set Γ ∗, we
use the results in [13]. For example, [13] includes the following conditions which are sufficient to determine Γ ∗ for n ≤ 21.
Lemma 3.5. If α ∈ Sn hasΛ(α) > 0, then αr has at most bn/2c fixed points or αr = ε, for all r ≥ 1.
Lemma 3.6. Suppose α ∈ Sn has the cycle structure d1 + d2 or d1 + d2 + 1 where d1 and d2 are odd and d2 divides d1. Then
Λ(α) > 0.
If d2 does not divide d1 while d1 > d2 in Lemma 3.6, then αd1 6= ε and αd1 has at least d1 > bn/2c fixed points, so
Λ(αd1) = 0 = Λ(α), by Lemma 3.5.
4. Some special cases
We will now identify some classes of α ∈ Γ ∗ for which we can find the parity ofΛ(α) theoretically.
Theorem 4.1. Suppose α ∈ Sn where n = d1 + d2 + 1 and α has the cycle structure d1 + d2 + 1, where d1 and d2 are odd and
d1 > d2. ThenΛ(α) is even.
Proof. The result is true when d2 = 1 by Theorem 3.3. So assume d1 > d2 ≥ 3. LetD be the set of Latin squares L of order
n for which (α, α, α)(L) = L. If L ∈ D then LT ∈ D , that is, the matrix transpose of L is also in D . Consider the d1 × d1
submatrixM formed by the rows and columns whose indices are permuted by the d1-cycle of α.
It is sufficient to prove thatM 6= MT , since then L 6= LT and we can partitionD into parts {L, LT } of cardinality 2. Assume,
seeking a contradiction, thatM = MT . Let x be the element fixed by α and let y be an element in the d2-cycle in α. If a copy
of x or y appears in a row shared with M but outside of M , then the automorphism α implies that there are at least two
copies of the same symbol (x or y) in the same column, which contradicts that L is a Latin square (see [13] for more details).
Therefore, there are d1 copies of the symbol x in M , and there are also d1 copies of the symbol y in M . Since M = MT and
d1 is odd, both x and y must appear on the main diagonal of M . However, the automorphism α would then imply that the
main diagonal ofM consists entirely of copies of x, contradicting that y also appears on the main diagonal. We conclude that
M 6= MT . 
We will now introduce orthomorphisms of Zn as a tool for studyingΛ. For the rest of this section, we will take Q = Zn,
although the theorems hold for any set Q of cardinality n.
An orthomorphism of Zn is a permutation σ : Zn → Zn such that i 7→ σ(i) − i is also a permutation [2]. An
orthomorphism σ is called canonical if σ(0) = 0. Let zn be the number of canonical orthomorphisms of Zn. The total number
of orthomorphisms of Zn is nzn. Note that zn = 0 if n is even and zn is odd if n is odd [9]. The values of zn were listed in [9]
for odd n ≤ 25. The first few non-zero values of zn are 1, 1, 34, 19, 225, 3441, 79259, 2 424195, 94471089, 4 613520889,
275148653115 for when n = 1, 3, 5, . . . , 21.
There exists an equivalence between Latin squares that admit the automorphism (α, α, α), where α = (01 · · · n − 1),
and orthomorphisms of Zn (see [1], for example). Thus we have the following theorem.
Theorem 4.2. If n is odd and α is an n-cycle, thenΛ(α) = nzn ≡ 1(mod 2).
Theorem 4.3. Suppose α ∈ Sn has the cycle structure (n− 1)+ 1 where n is even. ThenΛ(α) = (n− 1)2zn−1 ≡ 1(mod 2).
Proof. Let x be the element fixed by α. Let D be the set of Latin squares L of order n for which (α, α, α)(L) = L. Note
that lxx = x for all L = (lij) ∈ D . We act on D with G := 〈α〉 × 〈α〉 × {ε}. Lemma 3.2 implies that if θ(L) = L for
some L ∈ D and θ ∈ G, then θ is the trivial isotopism. Hence, the Orbit–Stabiliser Theorem implies that D is partitioned
into orbits of cardinality (n − 1)2. In each orbit there is a unique L = (lij) for which lix = i = lxi for all i ∈ Q . Let
T = {L = (lij) ∈ D : lix = i = lxi for all i ∈ Q }, so |D| = (n − 1)2|T |. The construction of Latin squares L ∈ T was
described in [13, pp. 73–74]. Consequently, |T | = zn−1 and so |D| = (n− 1)2zn−1. 
We nowmove on to the case when α ∈ Sn has the cycle structure n/2+ n/2.
Theorem 4.4. Suppose n is even and let α ∈ Sn have the cycle structure n/2 + n/2. Let β = (01 · · · n/2 − 1)(n/2 · · · n − 1)
and γ = (01 · · · n − 1)n/2. Let A be the set of Latin squares L of order n for which (β, β, β)(L) = (γ , γ , ε)(L) = L. Then
Λ(α) ≡ |A|(mod 4).
Proof. Let D = {L : (β, β, β)(L) = L}, so Λ(α) = |D|. Since γ β = βγ , we can act on D with 〈γ 〉 × 〈γ 〉 × {ε}.
The Orbit–Stabiliser Theorem implies that an orbit has cardinality 4 unless L ∈ D admits a non-trivial autotopism in
〈γ 〉 × 〈γ 〉 × {ε}, that is, unless L ∈ A. 
In Fig. 3we give an example of a Latin square L = (lij) inA of order n = 10.Wewill nowdescribe amethod for computing
|A| in Theorem 4.4 for small n using partial orthomorphisms. A partial orthomorphism of Zn is an injective map σ : T → Zn
such that T ⊆ Zn and σ(i)− i 6≡ σ(j)− j(mod n) for distinct i, j ∈ T .
We will now describe how we can identify four partial orthomorphisms σ1, σ2, σ3 and σ4 of Zn/2 in any L ∈ A. Let
Zn = X ∪ Y where X = {0, 1, . . . , n/2− 1} and Y = Zn \ X . We consider only the 0th row of L and define
• T1 = {j ∈ X : l0j ∈ X},
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Fig. 3. A Latin square inA in Theorem 4.4.
Fig. 4. Illustrating how σ1 must be orthomorphisms of Zn/2 .
Fig. 5. The partial orthomorphisms σ1, σ2, σ3 and σ4 for the Latin square in Fig. 3.
• T2 = {j ∈ X : l0j ∈ Y },
• T3 = {j ∈ Y : l0j ∈ X},
• T4 = {j ∈ Y : l0j ∈ Y }.
So |T1| + |T2| + |T3| + |T4| = n. In Fig. 3 we highlight the entries of L that give rise to T2 and T4. For t ∈ {1, 2, 3, 4} we
define T ∗t = {j(mod n/2) : j ∈ Tt}. Finally, for t ∈ {1, 2, 3, 4}we define the four partial orthomorphisms σt : T ∗t → Zn/2 by
j(mod n/2) 7→ l0j(mod n/2).
We need to verify that each σt is indeed a partial orthomorphism of Zn/2. We will only argue that σ1 is a partial
orthomorphism of Zn/2 since we can argue similarly for σ2, σ3 and σ4. If i, j ∈ X and σ1(i) and σ1(j) are defined and j 6= i,
then the symbol at coordinate (j− i, j) in L is σ1(i)+ j− i(mod n/2). Therefore σ1(i)+ j− i 6≡ σ1(j)(mod n/2) otherwise we
contradict the Latin square property. We depict this idea in Fig. 4 for σ1, where everything is assumed to be taken modulo
n/2. Hence σ1(i)− i 6≡ σ1(j)− j(mod n/2), proving that σ1 is indeed a partial orthomorphism of Zn/2. In Fig. 5, we give the
four partial orthomorphisms of Z5 that arise in the Latin square in Fig. 3.
If we define Ut to be the image of σt for each t ∈ {1, 2, 3, 4}, we can observe the following conditions (which arise from
the Latin square properties).
I: T ∗1 ∪ T ∗2 = Zn/2,
II: T ∗3 ∪ T ∗4 = Zn/2,
III: U1 ∪ U3 = Zn/2,
IV: U2 ∪ U4 = Zn/2.
We also observe the following conditions (which arise from the automorphism (β, β, β) and autotopism (γ , γ , ε)).
V: σ1(i)− i 6≡ σ3(j)− j(mod n/2) for all i ∈ T ∗1 and j ∈ T ∗3 ,
VI: σ2(i)− i 6≡ σ4(j)− j(mod n/2) for all i ∈ T ∗2 and j ∈ T ∗4 .
Importantly, we can reverse this process—we can reconstruct L = (lij) ∈ A from the four partial orthomorphisms
σ1, σ2, σ3 and σ4 in the following way. For j ∈ Zn assign
• l0j = iwhenever i, j ∈ X and σ1(j) ≡ i(mod n/2),
• l0j = iwhenever i ∈ Y , j ∈ X and σ2(j) ≡ i(mod n/2),
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Fig. 6. The details of the computation of qn/2 , split according to |T1|.
Fig. 7. The values ofΛ(α) for α ∈ Γ ∗ .
• l0j = iwhenever i ∈ X, j ∈ Y and σ3(j) ≡ i(mod n/2),• l0j = iwhenever i, j ∈ Y and σ4(j) ≡ i(mod n/2).
The remainder of the Latin square L is generated from the 0th row by the automorphism (β, β, β) and the autotopism
(γ , γ , ε). The conditions I–IV imply that the 0th row contains only distinct symbols (and consequently every row contains
only distinct symbols). If there are two copies of the same symbol that appear in a single column, then we either contradict
that σt is a partial orthomorphism, for some t , or violate condition V or VI.
Let qn/2 be the number of ordered quadruplets (σ1, σ2, σ3, σ4) of partial orthomorphisms of Zn/2 that satisfy conditions
I–VI. Theorem 4.4 implies that we have thus proved the following lemma.
Theorem 4.5. Suppose n is even and suppose α ∈ Sn has the cycle structure n/2+ n/2. ThenΛ(α) ≡ qn/2(mod 4).
We list the details of a computer enumeration for these ordered quadruplets of partial orthomorphisms in Fig. 6. In
order to find the parity of the summand for α in (5), when α has the cycle structure n/2 + n/2, we can instead find
qn/2(mod 4). Specifically, we use Theorem 4.5 in the case n = 14 for Fig. 7. We only require qn/2 in the case when
n/2 is odd (since Theorem 3.3 resolves the even case), but we also include the data for even n/2 to help check the
correctness of the algorithm. We verify Λ(α) ≡ qn/2(mod 4) for n/2 ≤ 5 using a simple backtracking algorithm, finding
Λ ((01)(23)) = 32,Λ ((012)(345)) = 648,Λ ((0123)(4567)) = 106 496 andΛ ((01 234)(56 789)) = 20 820 000.
The author recognises the use of GAP [5] for all the computations in this paper.
5. Conclusion
In Fig. 7 we list the data forΛ(α) for α ∈ Γ ∗. This data was either found by using the results developed in the previous
sections or computed using a backtracking algorithm. We can conclude from Fig. 7 and (5) that I(12) is even, answering
Question 1.1. Additionally, I(n) is odd for n ∈ {13, 14, 15, 16, 17, 19, 21}.
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